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ABSTRACT 

High Mach number shock waves i n  low-beta plasmas 

are discussed. It i s  suggested t h a t  most of the ion  hea t ing  

i n  such shocks occurs through a t h i n  e l e c t r o s t a t i c  shock 

t r a n s i t i o n  embedded wi th in  the broader magnetic shock s t ruc-  

t u re .  This e l e c t r o s t a t i c  shock would c o n s i s t  of a l a y e r  of 

high i n t e n s i t y  i o n  sound turbulence wi th  propagation vec tors  

concentrated i n  the  ion  flow d i r ec t ion .  It would be d i s t i n c t  

from turbulence propagating i n  t h e  t r ansve r se  d i r e c t i o n  asso- 

c i a t e d  with anomalous e l e c t r i c a l  r e s i s t ance .  



(1) I n  previous inves t iga t ions  

i n  high-beta plasmas i t  w a s  pointed out  t h a t  

shock t r a n s i t i o n s  are expected t o  cons i s t  of 

shock toge the r  wi th  an a t tached  much broader 

of c o l l i s i o n l e s s  shock waves 

under some circumstances such 

a t h i n  i on-s ound e le  c t ros  t a t  i c 

magnetic s t r u c t u r e .  Recent 

numerical  i n t e g r a t i o n  of the  two-fluid equat ions ( including i o n  v i scos i ty )  

by Robson and Shef f ie ld(*)  and by Ma~rnahon'~) sometimes appears t o  produce 

a s imilar  s e p a r a t i o n  of the shock i n t o  a t h i n  l a y e r  of viscous ion hea t ing  

and a broader magnetic s t r u c t u r e .  In  t h i s  nore w e  argue t h a t  a genera l  pheno- 

menon i s  involved and t h a t  a t  high Mach-numbers i n  low-beta plasmas t h e  

p r i n c i p a l  ion  hea t ing  occurs through an e l e c t r o s t a t i c  shock embedded wi th in  

the  broader  laminar magnetic s t r u c t u r e .  Such a s i t u a t i o n ,  should i t  be suppor- 

t e d  by experimental  observat ions,  would r e s u l t  i n  a considerable  s i m p l i f i c a t i o n  

i n  our  t h e o r e t i c a l  view of such high speed shocks. 

L 

It i s  w e l l  known t h a t  above a c r i t i c a l  Mach number ( ~ 2  o r  3) two- 

f l u i d  models f o r  magnetosonic shocks, which inc lude  e lec t r ica l  r e s i s t a n c e  as t h e  

only d i s s i p a t i v e  mechanism, undergo a wave-breaking phenomenod4) .This der ives  from 

the  e l e c t r o s t a t i c  f i e l d  E 

the ion  stream forward. From a more r e a l i s t i c  desc r ip t ion  based on the  Vlasov-equa- 

t i o n  (5) 

a f r a c t i o n  of i o n s  are r e f l e c t e d  forward and produce a "foot" s t r u c t u r e  i n  

f r o n t  of the  magnetosonic shock. 

( see  Fig.1) which can become l a r g e  enough t o  r e f l e c t  x .  

i t  appears t h a t  on approach (from below) t o  t h i s  c r i t i c a l  Mach number 

I f  however a v i s c o s i t y  t e r m  i s  introduced i n t o  t h e  f l u i d  models, 

2 f o r  example by adding a term - p d Vx/dx2 t o  the  r i g h t  s i d e  of t he  ion  x- 

momentum equat ion (and adding an equat ion of s ta te  t o  account f o r  viscous 

ion h e a t i n g ) ,  then breaking does n o t  occur and high Mach-number s o l u t i o n s  can be 

obtained (2 ' 3 ) .  

grad ien t s  with a t t endan t  ion hea t ing  j u s t  p r i o r  t o  wave breaking. 

Tnis r e s u l t s  mathematically from the  s teep ion  v e l o c i t y  
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The above device however appears somewhat a r t i f i c i a l .  

It raises the  obvious quest ions of t h e  p h y s i c a l  o r i g i n  of t he  vis- 

c o s i t y  i n  t h e  absence of c l a s s i c a l  c o l l i s i o n s ,  whether i t  i s  co r rec t  

t o  concentrate  v i scous  e f f e c t s  near the  wave breaking po in t ,  o r  whether 

the  concept of anomalous v i s c o s i t y  embodied i n  a term - 7  d Vx/dx2 i s  

relevant a t  a l l .  

2 

I f  e l e c t r o s t a t i c  micro-inst  a b i l i  t ies  are responsible  

f o r  anomalous ion  viscous e f f e c t s  (and presumably o ther  equal ly  important 

t r anspor t  e f f e c t s  r e s u l t i n g  from i o n  hea t ing  such as s p a t i a l  d i f f u s i o n ,  

etc.) then  i t  i s  l i k e l y  t h a t  the  waves involved have vec tors  con- 

cent ra ted  i n  t h e  x-direct ion.  They are t o  be  d is t inguished  from waves 

causing anomalous r e s i s t i v i t y  which propagate mainly i n  the  y d i r e c t i o n  

and de r ive  from t h e  diamagnetic e l e c t r o n  cur ren t .  

One could envisage a t  least  two s i t u a t i o n s .  F i r s t  i t  

i s  poss ib l e  t h a t  "viscous" e l e c t r o s t a t i c  turbulence i s  smeared over the  

e n t i r e  magnetic shock th ickness  g iv ing  a s teady  i o n  heat ing throughout 

t he  shock. 

A second p o s s i b i l i t y  i s  t h a t  t h e  e l e c t r o s t a t i c  turbulence 

which p r i n c i p a l l y  h e a t s  t he  ions  occurs i n  a t h i n  high-intensi ty  l a y e r  

with length  scales of s e v e r a l  times 

equivalent  of an e l e c t r o s t a t i c  shock embedded wi th in  the  magnetic shock 

(Ve e 

sumption and d iscuss  t h e  loca t ion  of such an e l e c t r o s t a t i c  shock. These 

LD = ve/we << c/w, i . e . ,  the  

= m) . We s h a l l  g ive  arguments i n  support  of t h i s  second as- 

arguments are by necess i ty  non- r ig  rous and an experimental  determinat ion 

of t h e  s p a t i a l  d i s t r i b u t i o n  of turbulence i n  the  f low d i r e c t i o n  should 

be made. 



- 3 -  

(5) We s tar t  by consider ing a laminar Vlasov-magnetosonic 

shock which i s  on the  b r ink  of the  f l u i d  breaking Mach number. The 

s i t u a t i o n  i s  shown i n  Fig. 1 and w e  see t h a t  a s u b s t a n t i a l  number of 

i ons  w i l l  be  r e f l e c t e d .  The i o n  d i s t r i b u t i o n s  c l o s e  t o  t h e  f i r s t  

maximum (x = % - 6) and a t  x1 are shown. 

1 Now i f  Te >> Ti a t  x1 , t he  d i s t r i b u t i o n  at x 

4 dr ives  uns tab le  ion  waves wi th  growth rates /L w = (4nNe2/M) . Pro- 

vided €3 /4nNmc2 << 1 we have wi >> 6 so t h a t  t h e  i n s t a b i l i t y  

would grow rapidly(') 

i 
2 

e l  

(ae = eB/mc)  . We assume t h a t  i n  a s m a l l  f r a c t i o n  

of a transit t i m e  through the  shock the  d i s t r i b u t i o n  at 

thr'ough i n s t a b i l i t y  i n t o  a h o t  ion gas  as shown i n  

xl converts  

IC e (Reflected ions  

t o  the  l e f t  of 

t o  i n f e r  the  f i n a l  s teady  state a f t e r  i n s t a b i l i t y  and these  i o n s  must 

x1 are now imagined t o  be removed s ince  we are attempting 

cont inua l ly  o r i g i n a t e  from the  ion  populat ion a t  x1 ) . 
Now some of t he  hot  i on  gas at x1 w i l l  d r i f t  slowly 

down stream and some attempt t o  expand upstream. ( Ins ide  the magnetosonic 

wave only e l e c t r o s t a t i c  fo rces  inf luence  t h e  ions  and t h i s  tends t o  acce- 

lerate i o n s  t r a v e l i n g  upstream.) However i n  expanding upstream the  h o t  ion  

gas  w i l l  encounter t h e  incoming cold ion  stream which w i l l  produce an 

uns tab le  s i t u a t i o n  ( le f t  of F ig . lc )  i n  t h e  f r o n t  edge of t h e  ho t  l aye r .  

Incoming ions  w i l l  cont inua l ly  plow i n t o  t h e  ho t  i on  gas and regenera te  

i t ,  and t h i s  s i t u a t i o n  w i l l  maintain i t s e l f  as an e l e c t r o s t a t i c  shock 

transit ion( ')  as i n  Fig. Id. I f  f i n a l l y  we imagine t h a t  t h e  Mach number 

i s  s lowly turned up i t  appears t h a t  t h i s  s i t u a t i o n  is  more e a s i l y  main- 

t a ined  a t  very high Mach numbers. 
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It i s  i n t e r e s t i n g  t o  note  t h a t  f o r  Mach numbers w e l l  

above t h e  c r i t i ca l  Mach number, a magnetosonic shock transforms a low-f3 

plasma ' (6  << 1) i n t o  a high-B plasma ( 6  9 1) . The Rankine-Hugoniot 

r e l a t i o n s  g ive  

X C N2 KT2 3 
2 B2 / 8 ~  

B2 

For example B2 2, 2.5 f o r  MA = 5 A l a r g e  f r a c t i o n  of t h i s  tran- 

s i t i o n  may occur a t  t h e  e l e c t r o s t a t i c  shock. The b e t a  of t h e  downstream 

plasma f o r  an obl ique shock is even higher.  

Next consider  t h e  ques t ion  of where such an e l e c t r o s t a t i c  

shock might be loca ted  wi th in  the  magnetic s t r u c t u r e .  Since we have as- 

sumed t h a t  ion  sound waves (appropr ia te ly  modified f o r  t h e  e f f e c t s  of 2 
on the  e l e c t r o n  dynamics) are respons ib le  f o r  t h e  t r a n s i t i o n ,  w e  r equ i r e  

a condi t ion  u n i t y  t o  be reached. The plasma must t he re fo re  

be s u i t a b l y  "primed" by the  forward po r t ion  of t he  shock. This "priming" 

Te/Ti = cc > 

consists of processes  such as anomalous r e s i s t a n c e  which increase  Te/Ti 

t o  t h e  c r i t i ca l  va lue  cc (eg. cch 5) i n  t h e  f r o n t  p a r t  of the magnetic 

shock. We assume t h a t  t h e  hot  high-f3 downstream i o n s  w i l l  d i f f u s e  as f a r  

forward as poss ib l e  cons i s t en t  with t h e i r  l o c a l  regenera t ion  f o r  a s teady  

state. Equivalent ly  w e  assume t h a t  t h e  e l e c t r o s t a t i c  t r a n s i t i o n  occurs 

as soon as Te/Ti = C( * 

I f  such e l e c t r o s t a t i c  t r a n s i t i o n s  occur t h e  magnetic f i e l d  

variation through a h igh  Mach-number shock would appear laminar  and the 
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c a l c u l a t i o n a l  procedure would typ ica l ly  be as  follows: F i r s t  i n t e g r a t e  

the two-fluid equat ions with anomalous r e s i s t ance  through the  shock u n t i l  

Te/Ti f p  a . 
Hugoniot r e l a t i o n s .  Then continue i n t e g r a t i n g  through the  shock using two- 

f l u i d  equat ions for  a ho t  plasma. 

Then make an e l e c t r o s t a t i c  t r a n s i t i o n  using the Rankine- 

As  an example of how t h i s  would work consider a magnetosonic 

shock. Throughout such a t r a n s i t i o n  t h e  following f luxes  a r e  cons tan t ,  

NV = const. 
X , 

+ v2 ) + -% (B2 - E:) =.x-momentum f l u x ,  
X 

B 

27~M 
x-energy f l u x ,  NV (5 7' + V') + - = "X 

X X 

v x ( m y e  + m v y i ) -  G E y E x = y-momentum f lux ,  

where l o c a l  Maxwellians have been assumed with equal i on  and e l ec t ron  

d e n s i t i e s  N , and 

-2 2 m 2  
M e  v = v i + - v  

with v2 = KT /(M,m) , B the z-magnetic f i e l d ,  E t he  e lec t ro-  i ,e i , e  X 

s ta t ic  f i e l d ,  and 1 t h e  flow v e l o c i t i e s .  These q u a n t i t i e s  are a l l  

func t ions  of x except f o r  E = Vx(--) B(-m)/c = constant i n  the  shock 

frame (Fig.2a). Equations (3) - (5) omit tu rbulen t  pressures  < 6E > Y 
2 
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which could become l a r g e  only i n s i d e  the  e l e c t r o s t a t i c  t r a n s i t i o n .  

The e l e c t r o s t a t i c  f i e l d  i n  the magnetosonic wave i s  

E = -  1 - - - V  ape B 
x e N  ax c Ye 

(7) 

= NKT . From (5) it a l s o  follows t h a t  V Z-  myi/m 
n i , e  f9 / Ye 

where 

provided B’/4rNmcL << 1 . 
Now cons ider  t h e  jump i n  B across  the  e l e c t r o s t a t i c  

shock. It is of order  ABm- (4re/c)  NV Ax where Ax is  the  shock 

thickness.  Assuming t h e  e l e c t r o n  d r i f t  v e l o c i t y  V is  l imi t ed  t o  

not more than n* ve by i n s t a b i l i t i e s  w e  see t h a t  AB/B AI Ax/(c/we) << 1 

We thus assume Bls - B2s across  the  inne r  shock, 

Ye 

Y e  

Since the  laminar e l e c t r o s t a t i c  p re s su res  i n  (3) and (4) 

2 are s m a l l ,  and t h e  p re s su re  d i f f e r e n t i a l  i n  B  I IT is  s m a l l ,  t h e  jump 

condi t ions  f o r  t he  e l e c t r o s t a t i c  shock are approximately obtained by 

dropping t h e  f i e l d  terms i n  (2) - (4).  The r e s u l t i n g  equations y i e l d  

‘ - = D m  N2s 4 
- 2  Nls v2s 

(1 + 2) 
-2 -2 

1 
16 

- E l -  

where s u b s c r i p t s  Is and 2s have been used t o  denote parameters 
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evaluated J u s t  upstream and downstream from t h e  

(Fig,  2a). 

e l e c t r o s t a t i c  shock 

I f  next  we assume there  i s  no t o t a l  charge on t h e  shock 

it follows t h a t  Exls = Ex2s (although Ex , as w e l l  a s  6E , probably 

becomes l a rge  i n s i d e  t h e  t r a n s i t i o n ) ,  Thus s ince  from (7), Ex 2 - BV 

it follows from Maxwell's equation aB/ax  = 4wNeV /c t h a t  

/e , Y e  

Ye 

. 

An increase i n  the  s lope  of B i s  the re fo re  expected t o  occur j u s t  

behind t h e  e l e c t r o s t a t i c  t r a n s i t i o n  a s  shown i n  Fig. 2a. 

We a l s o  note  a t  t h i s  po in t  t ha t  some hot  ions may l eak  

through the  turbulen t  e l e c t r o s t a t i c  shock (they are not  r e f l e c t e d  from 

the  f r o n t )  and produce a foot  s t r u c t u r e  as shown i n  Fig. 2a even a t  high 

Mach numbers. This phenomenon w a s  discussed i n  reference (1). 

For oblique wh i s t l e r  shocks (Fig. 2b) the "priming region" 

would cons i s t  of s e v e r a l  o s c i l l a t i o n s  before  Te/Ti increased t o  t h e  

c r i t i c a l  va lue  a because the  w h i s t l e r  waves i n  t h i s  case damp out  

upstream. 

I n  conclusion we emphasize t h a t  i t  i s  important t o  ex- 

per imental ly  determine the s p a t i a l  ex t en t  and loca t ion  of e l e c t r o s t a t i c  

turbulence with k vec to r s  along x i n  high Mach-number shocks. I f  the  

arguments in t h i s  paper a re  cor rec t  then the  loca t ion  of the e l e c t r o s t a t i c  

t r a n s i t i o n  wi th in  t h e  magnetic shock i s  expected t o  be s e n s i t i v e  t o  t h e  

. .  
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r a t i o  Te/Ti i n  the upstream ambient plasma. The plasma parameters 

should a l s o  be chosen so t h a t  there  i s  a clear sepa ra t ion  between t h e  

length  s c a l e s  involved, Assuming t h e  e l e c t r o s t a t i c  shock has  a thick- 

= few x (3/5)4 [VAs/(KT ./M)’] LD then i t  is  clear t h a t  nes s  

the  s e p a r a t i o n  of s c a l e s  i s  much b e t t e r  f o r  ob l ique  shock, 

than f o r  magnetosonic shocks (Ls < c/we) . 
net ic  and e l e c t r o s t a t i c  length  s c a l e s  may sometimes tend t o  b l u r  toge ther .  

(1) 
LS ex 

(Ls << c/w,) 

I n  t h e  l a t t e r  case the mag- 

The au thor  is  g r a t e f u l  t o  D r .  N.A. Krall  f o r  va luable  
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[6(v - V,)] -t 6(v 4- V,)] N 6 .  Considering f i  = - 2 and Maxwellian e l e c t r o n s  

2 2  -2 i t  t u r n s  out t h a t  the wave-number range 0 < k < w (V-2 - c ) is  

uns t ab le ,  where c = (KTe/M)' . The i n s t a b i l i t y  the re fo re  only exists 

i f  Vx e cs . The e-folding length  a v a i l a b l e ,  before  the e l e c t r o s t a t i c  

f i e l d  Ex accelerates r e f l e c t e d  i o n s  t o  a v e l o c i t y  i n  excess of cs , 
is 

should be added however t h a t  t he  uns tab le  ion  wave has  only a small 

i x  S 

8 

It D '  R w c  /(dVx/dx) CJ ( c / u e ) q / M A  We have assumed R >> L S 

llll-___--ŝ_ . group or phase ve loo i ty  i n  t h e  shook frame which should reduce t h e  - ---- ,  
8, - 

e t r lngency  of t h i s  condition. 
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Figure 3.. 

Schematic p l o t  of the consequences of unstable ion  distributions resulting from 
ion reflection in a magnetosonic shock wave close to  the wave-breaking Mach number, 
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Figure 2 .  
Electrostatic Shock transitions i n  magnetosonic and whistler shocks. The sepa- 
ration of length scales  between the magnetic and e l e  t o s t s t i c  transitions is  
similar to  the high-beta case discussed i n  reference ‘ilf 


